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”§0. .lntroduction

For a real hypersurface of a compleχ manifold, there exists a system of partial

differential equations, called the tangential Cauchy-Riemann equations. The trace

of a holomorphic function on the compleχ manifold satisfies the tangentiaI Cauchy-

R iemann equations, as easily follows from the definition ( c. f. Definition 2- 1) .

Some properties of solutions of the tangential Cauchy Riemann equations ar.e

known, concerning rel§1tions with holomorphic functions. W e recall some funda-

mental results in §2.

W e consider a class of real submanifolds of a compleχ manifolds, called C- R

submanifolds, ( c.f. Definition 1-1) . For a real analytic C- R submanifold of C・,

there eχists a compleχ submanifold, not necessarily closed, such that it contains

the C - R submanifold generically ( T omassini 〔10〕 ) .

More generally we define a C - R structure on a real manifold by a complex

distribution which satisfies some integrability condition ( c. f. Definition 1-2) . H .

Rossi proved that a real analytic C - R manifold can be realised as a real sub-

manifold of a compleχ manifold ( H. Rossi 〔 7 〕 ) . He also proyed that a compact

connected strongly pseudoconvex C- R manifold of C - R codimension 1゙ can be

realized as a boundary of a strongly pseudoconvex domain of a Stein space with

at most finite s ingular it16 s, if its C 一 R dimension is greater than 2 .

ln this article we consider diffe「entiable 1」 C一 R submanifolds of C ” , and we

obtain some generalization of H . Rossi’s theorem and Tomassini’s theorem in the

case of C- R codimension 1, using results concerning the tangential Cauchy

Riemann equations and H . Rossi s゙ Stein completion.

§1. C- R structure j

ln this section we recall the definition of C - R structures. L et yV be a complex

manifold of dimension 71, and M a real submanifold oI N of dimension ・ . J denotes
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1) ln this paper, “differentiable” means Ct differentiable.
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the almost dompleχ structure of jV and 7・( 7V) , T ( M ) denotes the tangent bundle

oI N , M , r espectively. At each point x oI N , J induces a linear automorphism of

八 ( Ⅳ) ,and Tx( yV) has a structure of a complex vector spacu induced by J. q,

denotes the maχimal complex subspace containd in Tx ( M ) for a point x oI M .

i.e.

C。= 瓦 ( M) n J八 ( M )・

n ( yV) , TI ( M ) denotes the compleχified tangent space of 罵 M at χ,

respectively. Put 召。二 { X 一 yこ T̄JX I X ECJ , 召。 = { X 十 √二T[JX I X ECo l and we

call them the h010morphic and antih010mol:phic tangent space oI M at x,

respectively. ・

DefinitiOn 1- 1.

W e will say M be a C- R sub・ (1n汀old of 川, if dim●CHχ= 垂dim. aCo is constant

on M. ln this case H Q’M ) = U 既 , 召 ( M 卜== U 瓦 ar6 subbundles oI TC ( M ) . W e
xEM xEM

will say Z= rank 亙 ( M ) , the C - R dimension of 皿 and r = dim.M - 2rank ∬ ( M ) =

m- 2ム the C一R codimension oI M。
-

W e denote jr ( M ) , jr ( M ) , the sheaf of germs of differentiable cross-sections

of 召 ( M ) , 亙 ( M ) , respectively. U sing the integrability of the almost compleχ

structure J , w e can easily show

[/ ( M)Xいぞ( M)。] ⊂/ ( M)。

[梁 ( M)。 , 勇 ( M)。] ⊂勇( M)。.

W e note that a real hypcrsureface of Ⅳ is a C- R submanifold of Ⅳ of C一 R

codimension 1. -

More generally we define C - R manifolds. L et M be a real manifold. W e

consider a compleχ distribution ∬ ( M ) ⊂ T・ ( μ ) on M.

Definition 1- 2.

W e will say that ( 皿 召 ( M ) ) defines a C- R m(1niJold of dimension m C- R

dimension 7, if the following conditions are satisfied.

1. dim.M= 焼, rank ∬( M) = /。

2. ∬ ( M ) 。 ∩ 万 ( M )。 = O for every XCM , where 召 ( M )。 is the几conjugate sub-

space of 召( M )x with respect to 八 ( M ) 。

3. [ / ( M ) 。 , / ( M )。] ⊂ / ( M )。 for every x E皿 where/ ( M ) denote the sheaf

of germs of differentiable cross-sections of 召 ( M ) as before.

W e will say r = m - 2 /, C - R codimension of ( 屈 ∬ ( M ) ) ・

L et M , N be differentiab! e manifolds, and y : M→ N a differentiable mapping

M into 瓦 Then y induces the differential oI J, 八 : F ( M ) 一 Tc( Ⅳ) .

Definition 1- 3.

Leレ ( 皿 召( M) ) , ( 罵 ∬( Ⅳ) ) beC- R manifolds, andyadifferentiablemapping

M into 皿 ノW e will say y is a C二R m叩 が昭 if ム ( ∬ ( M ) ) ⊂ j7( yV) . lf ỳ is a

diffeomorphism and y and J-1 a「 e C一R mappings, we will say y is a C- R

di∬eo・ oTph18m、

A C- R submanifoldこof a (iompleχ manifold is a C- R manifold. But the converse

is not true in genera1. ln the real analytic case, the converse is also true ( 召。
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Rossi 〔 7〕)・

ln the following, we only consider the case of C - R codimension 1. W e will

say these C- R manifolds, C一R hM)eT8uΥμ ces.

§2. Levi convexityandthetangential Cauchy-RieemannequationS.

Let ( 皿 有( が) ) be a C- R hypersurface of dimension 7x. Let πx be the
-

projection from 穴 ( M ) to n ( が ) / ∬( M )。① 別 封)。. We define a hermitian

form on 有 ( M )x by

臨 ( 瓦 , 瓦 ) = √二了几 〔X , y〕。 瓦 , n eH ( M)。

where χ , y are local differentiable cross-sections of 有 ( M ) such that χ ( ぷ)
-

= 瓦 , yし ) = 瓦. Sincedim.n ( が) / ∬( μ)。①有( M)。= 1, we identify 瓦 ( M)
-

ノ HQM )。①月( M)。 and C、, taking a real bace of n ( M) / 別 封)。①俘( M)。. We

call the above hermitian form、 犠e L etJi Jo7・ of ( 皿 有 ( M ) ) atx. W e ca11

( M,H ( 封) ) is pseudoconvex, strongly pseudoconvex at a;, if the Levi forl:n is

semi-definite, definite, respectivelyyW e ca11 ( 皿 有 ( M ) ) is pseudoconveχ, strongly

pseudocohvex, if ( 皿 有 ( M ) ) is pseudoconveχ, strongly pseudoconvex atl each point

of μ.

ln the case of real hypersurfaces of compleχ manifolds, we can define the L evi

form by another way. L et M be a real hypersurface of D (二 C ” . T here eχists a

real valued function 9) such that

M= 卜a D I 衣 功 = (川 and

dQ≠ O on M .

Let ( zl, ゛ ” , ら ) be a coordinate system of C”, we consider the following

hermitian form on 有 ( M )x. ’

aり )
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L ( X ) = X

where X = :F 4=j ま 6∬ ( M )。 i. e仔 jに 孔 = O・

The properties of semi-definitness, definiteness of the above ・hermitian fornl are

independent of a choice of 炉 and a coordinate system oI D、 W e call the above

hermitian form, the L elj i JoTm of M at x. Two definitions of L evi form. are

essentially the same in this case ( c. f. Sommer 〔 8 〕 ) .

Let ( 皿∬( が) ) be a C- R hypersurface.

Definition 2 - 1.

W e call a differentiable function, say j satisfies 眠e t(1ngenticd Cauc胎 一双泌誂αr l

equations (1t χ U χJ = O for any element χ of 冑 ( M )x. And we will say j a C一

尺池71d j匹 if y satisfies the tangential Cauchy-Riemann equations at each point

oI M .

W e recall some fundamental results concerning the tangential Cauchy- R iemann

equations・

L et M be a pseudoconveχ Γeal hypersurface of a domain D(二 C” ( 71> 1 ) , and

we take a real valued differentiable function Q on D Such that M = { x E刀 1 9 ( ズ)

二 O l and 伽 ) ≠ O on M and the L evi form defined by Q is positive semi-definite.

3
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Put f)- = いに 川 衣 功 < O} and が = し ; e川 司 功 > 0 1.

Theorem 2- 2. ( W ells 〔11〕, H6rmander 〔 5 〕, Andreotti-H111 〔 1 〕 )

j sstxme 疏e £e祠 ,/07・m oỳ M ylαsαI Xeα肘 071eposa加e e汝e71 むα& e αl eαc/1 7)0泌X

oJ M. Then tylere e元肘s a domα泌 び⊂ D̄ SUCh th(1t M⊂ ∂U and U has the

JoOo切伍g pTopeT切, lj`J 18 (l C- R 釦nction o7t M, the7t the″re exists (l h010moTphic
心 ” 心

釦nctionJ 8uch th(lt J is diがe・re71ti(lble 卯 to M (lnd 八 M = j

W e can easily show that the above holomorphic extention y of y is unique・

Next we consider C一 R mappings, L et 屈 Ⅳ be real hypersurfaces oI D, E ⊂ C ”

resp、ectively. W e assume M, N are pseudocohveχ, and choose real valued functions

9, φand define £)≒ £ ・ as above.

Theorem 2- 3. ヽ

Assume M , N (1Te pseudo- conueχ (tn(1 the L e石 Jor・ s oJ M , N halXe at lea8t one

positit)e eige7t tJ(1k e (1t e(lch point oJ M , N . L et F ,。: M → N be a C一 双

d汪feo・ oTph18・ . Tyle71 疏ere e元肘 do琲α加s び⊂ £)-, y⊂ E¯ (1nd bihotomoTphic
心 ” 〃

m(1pping F : び→ V such th(1t F. is diJlfeTentiable up to M (lnd F χM = 凡

Proof. L et ( zl , ゜ ‘ ・ , ら か ( 扨1, ゜ ・ ・ , 扨,l ) be a coordinate system oI D, E ,

respectively. Then 哨 ( 1≦j≦71) is a C- R function on N. Since F is a C- R
diffeomorphism, F * 哨 is a C- R function on M. W e choose a domain び⊂ f)- such

that the property of theorem Zj 2 holds, L et 哨 be the holomorphic eχtension of

F * 哨 . W e define a holomorphic mapping F : び → C” by

F ( p) = ( g1( p) , ・ ‥ , ら ( p) ) ; p6び・

Clealy F is the holomorphic extension of F . Since F is a C7 R diffeomorphism,

and F is a holomorphic mapping, we can shoW F iS maχimal rank on a

neighbourhood び of M in M U び , by the same method in 〔 9 〕. For p6M there

exists a neighbourhood 防に of p such that 馬 n D¯⊂ 収 and j7 「 馬 n D - ・is a

diffeomorphism. Since F ( M ) = 凧 F ( 馬 n D- ) ⊂ £ ¯ or F ( 馬 ∩ 1) - ) ⊂ £ ¨̄. W e

shall show F ( 馬 ∩ D¯ ) ⊂ £ -. W e consider F * φ. F * φ is differentiable on 馬 n y 。
● ・ - 〃

so we can extend it diffとrentiably on U。, and we denote it φ. W e may assume

が∩ら = にa 馬 弓 ( x) = Oに Put び/ = し回収 I J( 万 之Oに Since心中Oon

Mn UI), becauseof the ihvarianceof the Levi formweconclude びj (二Dへ This

means F ( 馬 n f)- ) ⊂ £ .̄

Then replacing び by a smaller neighbourhood if necessary, we may conclude

p6私 Co is a 2m dimensional subspace of 刄 ( μ ) and dim.刄 ( M ) = 2m十1, then

we can take a global coordinate system ( z1, ・ ・ ‘ , ら ) of C” such that (首 )。

‥, (足), span別封), and(岩)。, ‥, (足)球太)。, ‥, (ま )。
4

the disiered property. q. e. d.

§3. C- R submanifolds of C”

ln this section we prove our main theorem. L et M be a compact C - R sub-

manifold of C ” of C - R dimension m ( m≧ 1) and C- R codimension 1. ( M,H ( M ) )

be the C - R structure induced from the compleχ structure of C ” . F or a point



span Ti) ( M ) , where zi = xj 十 !yj . F irst we show that we can locally realize

( M,H ( M) ) as a real hypersurface of C”14-1.

Lemma 3 - 1 .

F0 7̀ (1n!J point pEM , 硫 e? è eχists a neighbouThood U oJ p 8uch 犠at U is C一尺
-

d迂feo・ o7̀phic to (1 7̀eal h!jpersuTJ(lce oJ (1 do・ (lin oJ C゛ -I .

Proof, χW take a global coordinate system of C ” as above. 弓 ( 1 ≦ j ≦ m+ 1 ) ,

as a function on M, is a C- R function. W e define a mapping y from な intoC゛ -l

definQd by

プ( 9) = ( zl ( 9レ ‥, ろ9 10 )・) , q£M.

Since之,( 1≦j≦m+ 1) is a C- R function, y is a CTR mapping・八 八 ( μ) is
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旦
∂!/1

then J iS maχimum)よ ・ ・ ・ , (
∂

rank at p, So on sufficiently small neighbourhood of 7, . W e take び, a neighbourhood

of p, such that ỳ is a im叩bedding on び. lf we take ひ sufficiently small, び is

(TI,iffeomorphic to a real hypersurface of a domain of C ’ +1. Sincey isa diffeomorph・

ism and M iS C - R codimension 1, ỳ is 4 C - R diffeomorphism. q. e. d。

Now we assume ( 皿 有 ( 訂 ) ) is strongly pseudoconveχ. W e cover M by finite

open sets び1, ゜ ・ ゛ , び,・, each 防 can be realized as a real hypersurface 亀 of

a domain 炳 of C ゛ ’1. Now we construct a compleχ manifold with boundary such

that a compornent of boundaries is C - R diffeomorphic to ( M,H ( M ) ) 。

W e take a real valued different14ble function R on Dい such that 亀 ゜ { x 6几 |

呉 ( x) 二Oに d呉 牛Oon 亀 and the Levi form of 亀 defined by く7)1 1S positive

励/m十l y

diffeomorphism・. W e assume び1∩ び2 半 φ. Q2al- 1 : al ( び1 ∩ び2 ) → Q1 ( び1 ∩ び2 ) is

a C - R diffeomorphism, there exists a domain y 1⊂ 刀7 , ‰ ⊂ D; such that

∂y1⊃ び1 ∂F2⊃ U2 and a2al- l induces a holomorphic diffeomorphism α12 : yl →

F2 ( Theorem 2-3) ・

W e take U1’⊂ ⊂ Ul and 防 ’⊂ ⊂ U2 Such that U117 U211 U 33 ・ ・ ・ , 肌 cover 屁

L et & be a R iemannian metric on D2, then α12 * 召2 1s a R iemannian metric on yl .

There eχists a R iemannian metric gl on Dl such that gl agrees α12 * g2 0n a
-

neighbourhood of α1 ( 円 ∩ 呪 ) . U sing g1, 92, we construct differentiable mappings

双 : 防 ×(0, 6 ) → pj ; f二1, 2, for sufficiently small e> 0, by the usual method.

Taking 6 sufficiently small, we may assume 双 ( Uぐ ∩ U2’ χ ( 0, 0 )⊂ 稿 ; j = 1, 2,

then α12β1= 烏 on U1’∩U2’ ×[ 0, 0 , wecanshow iteasily fromtheconstruction

of R iemannian metrics gl , 召2.

W e paste U1’ χ ( 0, 6 ) and U2’ × [ 0. 0 by α12, and obtain a complex manifold

y12 with boundary such that び1’U び2’ is C - R diffeomorfpic to a part of ∂y12.

Repeat the abgve construction finite time, we obtain

Lemma 3 - 2 。

£d ( M,H( M) ) ゐea 琵ro71gな/ pseizdocong x compαd C- R sJ)maべfold oJC゛ OJ

C- R codfme71肩071 1. 7 /1e71 哨eγe exj討s α co琲pZeχ 蛾α4びo耀 y 圃八八 601x71dα7・!y stxcyx

伍at ( M,H ( M) ) 泡 C一双 心μeomo印肩c ioαco琲pomeM oy ∂V。

5

definite on Si . Put l ) j二= に 61) l g, ( 約 之 (川 . L et αj : 防 → Sj be the C- R
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Now we assume the C一R dimension of ( M, H ( M ) ) is greater than 2. Since

( 私∬( M) ) is strongly pseudoconvex, there exists a strongly plurisubharmonic

function Q on y such that M = にr6 y l Q{ 功 = O} and 9 ≦ O ( Gunning-Rossi 〔4 〕 ) .

Put yE= し ; 6 V I - 6 < 9 < O} for sufficiently sma11 6 > 0. T hen by the theorenl of

H. Rossi ( H. Rossi 〔6〕, Andreotti-Siu 〔2〕) , y6 has the Stein completion 凧 i.e.

Ⅳ is a normaI Stein space and y 6 1s biholomorphic to an open subset of N whose

complement is relatiV祠y compact in 皿 Hence w6 have

Lemma 3 - 3 .

Ld ( 皿有( M) ) 屁 a がroが!/ 恥d oco7aa com即d C一R 8球)m(17djòld oJ C一瓦

dimension ・ ≧2 a面 C- R co硫me71肩071 1. Tyxe4 岳ere e元がs α710rm肩 S le加 spαce

N u) ith boundaT!J lui伍 at most Jinite 81ngutaTitie8 such that ( 私 ∬ ( M ) ) js C一双

diがeomoTph,ic to the bou71d(1門 oJ N.

Since ( 私有( M) ) is strongly pseudoconvとχ and Ⅳ is a normal Stein space,

C - R functions on M can be continued to holomorphic functions on Ⅳ by theorem

2- 2 and Hartogs- Osgoods theorem. L et ( zl , ‥ ・, ら ) be a linear coordinate system

of C ” . The trace of zi ( 1 ≦ f≦ 71) on M is a C ¬ R function on 皿 there eχists

a holomorphic function 恥 on y¥ら differentiable up to the boundary M and ≒ I M =

z i ● ,

Now we consider a mapping ・F : yV→ C ” defined by

F ( p) = ( zl ( p) , ‥・, ら ( p) ) , pCN. 卜

lt is clear that F is holomorphic on Ⅳ and C - R diffeomorphic on the boundary.

Lemma 3 - 4 .

F 18 (l holo・ oTphic one to 071e ・ (lpping JTom N 伍to C” .

Proof. Since F is C - R diffeomorphic on the boundary and holomorphic on 川

F is an immedding from a neighbourhood of the boundary into C” . T hen the

analytic relation defined by F is proper. By H. Cartan’s theorem ( H. Cartan 〔3〕 ) ,

the factor space by the equivalence relation, we denote it by y , has a structure

of an analytic space such that the projection π’ : yV→ y is holomorphic. Since

the analytic relation sepalates the neighbourhood of the boundary, ぞ : yV→ y

is biholomorphic on a neighbourhood of the boundary. W e denote the R emmert

reduction of y by N’ and the canonical projection by π” : y → y l Since π’ and

が are biholomorphic on the neighbourhood of the boundary and N≒ N” are nornlal

Stein spaces, π″oπ’ : yV→ y ’a is holomorphic diffeomorphism. So π’ : N→ y is

one to one, it .means F is a one to one mapping. q. e. d.

Main theOrem.

Let ( M,H( M) ) 辰 αC- R s砧m(1ぺfotd oJ C” げ C一双 石me71sfo ?71・α71d C一双

codfme71肩otl j . W e αstxtxme M js compαd co7171ed ed 討 7゙o司

≧ 2. Then theTe eχist8 a Stein subspace oJ C ” 0 101 cXosed) , uXho8e bounda門 is

M.

Proof. W e shall prove y = F ( yV) is i n analytic space of C ” ( not closed) ,

then y has disiered properties. F is maχimal rank on a neighbourhood of the

boundary and one to one on N. W e take a neighbourhood び of M in C” such that

卜 6



On C- R submanifolds of C ” of C一R codimension 1162

F is an immedding from F -1 ( び ) into C ” . T hen F : jV- F -1 ( び ) → C ” - び is a

proper holomorphic mapping, so F ( yV- F -1 ( び) ) is an analytic sub,ipace of C”

一 己 lt is continued to F ( F -1 ( び) ) analytically, we can show it by taking び

sufficiently sma11, so y = F ( Ⅳ ) is an analytic subspace of C ” . q. e. d.
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