
§1. lntroduction

ln this artid e, we consider an algebraic equation whose coefficients have one-

dimensional parameter H n general, theroot130f such an equation, asfunctionsof /; have

nodifferentiability, however smooth thecoefficientsmaybe. lf weassume, however

that theequation has only real roots, then wecan provesomesmoothnesswith suitable

smoothness assumptions on the coeffients.

DEElxITlox. A polynomial of X , P (X ) = X ″2十配
・ - . ● ・

畑加ybOliC孤theequationP(X ) = Ohasonlyreal roots.

M . D. Bronshtein ( 田 ) proved the foHowing thQorem that played an important role

in constructing parametrices of weakly hyperbolic operatorswith Gevrey coefficients

( [2] ). (For simplicity, weomitthesecondaryparameters.)

THEoREMA. Ld P (x; x ) = χ゛十目(x)χ゛-7十‥・十召。(j) 1)e肪p以)硲c加ya郷 t(ΞI

= (α, 帥. Assumdkt服 m池i邱c雨 of治 yootsdoesnotaced y皿dBjE C7(7) (j = j, ‥

・, 岫 . Tha , the伺lo面昭sho晩

(1) Foγα司 toE I, tk γeeχist祖 γootsλ」(tOい ) (ノ= 7,… , 頑 Of P(j ; x ) = OSMd tk t

ん(あけ) ayed派 ya臨山 d t= な

(2) Foya砂 com抑d sd K ⊂j; 加 sd 隔 (柘いO) けOE K, j = か ‥, y扇 iSbOltlldd ,
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五々三ぞ植(rightandleftderivaiives).
§2. Statementof theResultsandR(1marks

THEoREMB. Assltmd k sαmeαssMm師 ousαs Tk o托m A . Thm , 侑e加110面 昭 sho吐

(1) がλ(X) ∈ぴ(7) 皿d P皿 ・λ(X) ) = Oonl, tha 知ya郷 toE I, theye函st心(か).

F町匝ey, 粕ya砂 co祖師d sd K ⊂ j; 肋に d 叫 (j) け∈珀 加加回励貳

(2) LeHk m池濯ic㈲ (ゾX = λ(Q beqJ λ(X) E COリ ), ん(功 = λ(あ) (y= 7, ・・・,-(z)

alld P ( な X ) isdiりisibleby (X - λ右 ) ) … (X - λぷ ) ) G αj)olμ omid of χ, tke筧 thesヽds

卜 か土θ

Ngte that the differentiability of ん(ねμ ) is assured only at X= な lt is natural to

ask whether wecan take roots that is differentiableon t or not. M oreover, wewant to

know whether wecan takeC1-rootsor not. Theaim of thisartideistogivesomeanswers

to these questions.

ln the followings, we use thenotation f (心土θ) = lim 尹(X) and 八 (か) = lim

t-4 tO土 θ



RalAHs. (i) Theclaims(1) and(2) areanotherexpressionofwhatM.D. Bronshtein

has really proved in [11. (H ence, we shall omit the proof.) T he most important part is

the boundedness of the set { λ1(Z) い 巳 K } . T he other part of (1) , (2) had essentially been

known before Bronshtein. ln fact, thekey point of itsproof isthefact that 11 B ぷ O) ≠Q

瓦(6)= θ(j > 寿), then£y)(ん) = θ(j > んj < j 一力), andthisfactwasused, forexample, by

L. H6rmander ([5D. よ

(ii) Evenifweassum6that 聊= 2 and召バ≡(グリ ), wecannottakeC2-rootsge面rally.

ln fact, there exists la non-negative C̃ function / ( j ) on [- 1, 1] such that / (O) = 0, y( j )

> O for X≠O and 〔匹 〕〕″is unbounded on (0, 1) (G. Glaeser [4] ) .

(iii) When r= 1 0r 2, wecanomit出eassumptionthat BXE C27(7) (j = l , ‥・, 肖) in(4).

(When y= 1, it istriviaレ When y= 2, theproof isgivenin§4.) Theauthor doesnot

know whether we can also Omit this assumption or not when r ≧3.

§3. Proof of TheoremB

IVebegin with two lemmas, which reducetheproof to a simpler situation. (Lemma

2 1s we11-known, hence its proof is omitted.)

‐1
1

11rII
Ir

D。= {几1(42) ; j = j, ‥・, (八m丿叫)姐佃幽 仇eyootsof侑esα枇に部面皿 a。χq十alχ『1-j十

… 十a。 = 0, 邨k ye a』 = ∂1∂F jP (あ; λ(昴 ) / ( (X- j ) ぴ/ (j = 0ユ ・‘・, )々 。

(3) Tk yeex艇 λ1, ・‥, λ, ∈ぴ (7) SMddk l P(X; X ) = (X 一几(X)) ・‥(X - λ。(X)) α加

λバj= 1, ‥・, s) αyediがe粍戒i岫leon L

(4) AsmmethatBjE C27(7) (匝 1, … , 観), 血ytheymoye, lfλE Co(7) isdi加ye他出 e

凹 7 α㎡ バなλ(j)) = O0111, 脹四 λECI(7)レ
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Pnoふ Put ぢ = [α, c] , ぢ = [c, &] . W e can extend λ7 as λ以∈ ぴ (な ) (ん= 1, 2 ; j = j ,

… , 洵 . By (1) of TheoremB, thereexistλD,ご(c) andλヱジ(c) (j = j, … , 副 , By(2) of

Theorem B, thesearetherootsof thesameequations, hencewecan renumber theseroots

such that λ乱化 ) = λl,2(c) and λλj二(c) = λ7,2,j (c) ( j = j , … , 副 , Thusj f weconnect these

λ以 at f= c, then we can take ん∈ぴ (7) such that ん aredifferentiable on 7.

LEMMA 2、 Comidey P (ら X ) = X ″2十ノ1j( X)X ゛ - j十‥・十ノ1, (八 扨k yeA jE Cs(7) (θ≦s

≦(x)), び・1)(tO; X )= Ohαsthed包飢dγootsχ1, ‥・,xkaMdlk 恨㎡lil)licityoj̀ xj jsmj (j

= j, … , ル)・ thell the犯a磁 aj)osibeEα11d加1萍omialsj)j(にX) = X゛ 十七 ,j(X)χ゙ 一j+ ・

‥十Aj,・j(り (j = 7, ‥・, 力) sMd tlmtA』,iECs(6 - ε, tO十ε) (j ≦f≦mj, 1≦j≦ん), 島(咄X )

= O k s tke M戒卵 e yoot χj 面 th m㎡哨)lic雨 枇丿皿 d j) ( j ; X ) = 加 ( X; X ) ・ ・・1)ぷ ; X ) 凹

(Xθ- £, tO+ ε).

● ● ●

LEMMA 1. Assumetk sameαssumj)tio飛 αs Theoyem A . Tak cE I αyld 餉 t l l= (a, c) ,

石= (C, b), がtkeye函stλで; (X)∈ぴ (乙U石) (j = j , … , 枇) suc回厄tλj ayedi加ya面bleon

乙U12皿4 P(GX )= (X- λ抑 ))… (X一臨0)) 回 乙U乙, 加弘加g azがん∈ぴ(7) (j= 1,

S) sud tktλj αyedi加yahble回 I 皿dPU ; X ) = (X - λj(X)) ‥・(X - λ。(X)) 凹



= 7¥ yI Notethat ノ’isclosedand 右 isopen. Since乙= U 戸 ) where 7(”) aredisjoint

open intervals, by theassumptionof theinduction, wecan taketherootsof ? ( 1; χ ) = 0

asλy(j)E C°(乃) (j = j, ‥・, g) whicharedifferentiableon乙. Put力= {μ

in几 J2= 7¥ yTj and石= 乙Uム Notethat五 isatmostcountable. ByLemma1, wecan

taketherootsof ? ( X; χ ) = O as んE C°(乙) which aredifferentiableon 乙. Put ん ( j ) = 0

1f 妬≡乃. Weshall show thattheseん arealsodifferentiableat 応 for any tOE J2, Assume

that there exist ちz亡7 0 = 1, 2, ‥ ・) such that ら > 如 and ら 一々 ら (筒→cx⊃) . Sinceん( j ) is right

differentiable at 応 and ん(らz) = 0, we have λバ (如) = θ(ノ= j , ‥・, 肖) . By (2) of Theorem

B, we haye ん,ご( 6 ) = O (j = j , … , 副 , hence ん aredifferentiable at ら and λj( 6 ) = O. T he

sameargumentsgowell if thereexisい ぶΞJ such that tnく & and ちz一々ん (7x-ゆcx)) . Thus,

ん aredifferentiableon 7.

Next, weprove (4) also by theinduction on ,・. By a similar (andsimpler) arguments

asabove, wemay assumethat (4) isvalid if y≦11- 1 (ル≧2) andthat 友= 観, BI(,t) ≡0.

Put t and 乙 as above. By the assumption of the induction, wehave ん∈び (石) ( j = 7, ‥ ・,

g). Takeanarbitrary tOEJ. Notethatん(如)= O(卜 1, ‥・, g ) and召j(X)= (X一如)jB7(X),

where Bl; E C”l(7) (see Remarks (i)) . By the transformation X = (X一如)X ’, the equation

P凪 X )= Oistransformedinto(X一如)’Q(t; X’̀) = 0, where Q(X; X’)= X’ 十召i(X)Xり7z-2

十‥・十£i(j). Hence, μj(X)= ん(j)/(X一如) (j = い ‥, 洵 aretherootsof Q(j ; X)= O(f≠ら)・

By (1) of Theorem B, theset {μ/ (X) ; j = い ‥, 副 isboundednear X= 6 , thatis, there

exist E> O and 訂 > Osuch that 陥 (削 ≦訂 if O< けーな | く ε. Since 応 ( 0 = に ( j) ( X- Xa)

一几(X)}/(X一如)2(j≠如), wehavel心(X)- ん(X) (j- 6)刊 ≦な けT副 if O< け一副 く ε・

Hence, there holds lim λ5( j ) = 局( ん) . T hus, we have んE C j(7)。

t4 tO

§4. Proof of 耳emM・ks(iii)

By the same argument in §3, we may assume that γ二 辨, that is, w6 have only to

provethefollowing proposition.

PRoPosITIoN、 ComideyP (なX ) = X 2- /1(X)X - £ (X) = 0, Wk 棺 A , βE C2(7) α㎡ 4 (げ

+ 4拭 り≧び. 巧λECO(7) isd珈 ya t濯)leonl n dP(X; λ(X)) = Oo筧I, thell 入ECI(7).
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First, we prove (3) by the induction on r. lf r = 1, then the result is trivial. (Any

contjnuous root is CI.) N ow, assume that (3) is valid if r ≦,を- 7 ( ,を≧2) and that the

multiplicity of the roots of t is not larger than 寿. By Lemma 1, we have only to show

that for any tOE I , thereexists E> θsuch that on ( 6 - εμO十ε) , instead of on /, (3) hold.

By Lemma 2, wemay assume 力= 用 without lossof generality. Further, wemay assume

召2(X)≡Obythetransformationχ7= X十召7(X)/常.
㎜〃 ・・ - - - ・- - ¶ - ¶ a - |- ・ ・ = ・ 7 ’ ・ - ・ F

Put 7 = { μ

¬ = 71 = ・
- = - = = = = - W = = = -

- - 一 一-

a
~
l
a
I

PnooE. By the transformation χ ’= χ一ノ1( X)/2, wemay assume that /1( X)≡O and

拭0≧Oon7. Put/ = {tE I ; B{ 0 =1=O} and乙= 7¥ノ. Notethatλ∈び(乙), λ(X) = Oon/

and召(X)= F (0 = Oonj l akeanarbitraryな≡j Since召(6)= F (6)= 0, wecanwrite



lj(j) = (X- 1. )2B̀ (X) whereB̀ ECO(7) andB恂O)= £″(Xa)/2. Henceぶ(如) = 土霞∃F(石y

= 土匹 阻 Wemayassumethatλ’(6)= √ZFて7丿. Wehaveonlytoprovethatλ’(0 4

ぶ(ら) (X→如). 十

CαseL Assume !:hat 召べ6 ) ≠ 0. T here eχists a positive E such that B恂 ) > O if

け一閲 く ε. Hence, byλ’(ら)= 。Z̄Bべ̄ね), wehaveλ(X)= (X- 6)刀白目刀 ifけ一閲 < ε, Since

刀Fで乃isdifferentiableif O< け一刎< ε, wehaveλ’(j) = 価 呵 十(X- ら)B゙ (X)/2涯F (乃・

On theother hand, by f ( X) = 2(卜 6 )£ ` ( j) 十( X- ん)2B`’( X) , wehave (卜 6 )Bて ,t) =

F (X)/(卜 如)一田 ̃(j)→£″(6)- J `(ら)= O(j→ら). Thus, λ’(X)→J F伍)= λ偽) (X→ら).

Cαse2 . Assume that 召` (ん) = 0. Since , /7F { 7j →O(X→ ら), theabove argument is

violated. W e use the following we11-known lemma. (See, for example, J. Dieudonn6 (31.)
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LEs lA l Assume tk t f E C2( - 2ε, 2ε) (ε> θ) , バズ) ≧ θ 回 ( - 2ε, 2ε) 皿 d f ( θ)

゜ バθ卜/″(び)= 0、Theγeholds|バ゛) 12≦イ |バ馬 ! |尹(゛) |) / (゛) び|到≦s° /

sup l£ ″(X) |/2 1f lX一刎 ≦ε. Since £ ″(tO) = 0, we

X一刎≦2ε
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IVehavealready known that λ’(X) = 土刀ヨド (碗 ont and λ’(j) = 土F (X) /2涯班 ) on 乙

By Lemma 3, wehave ぱ ( X) j2≦

haveぶ(り→O(X→6).


