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Abstract

It is well-known that a two-level orthogonal array of strength 2 is universally optimum
for the estimation of main effects for uncorrelated errors. In this paper, the property
of orthogonal arrays which are also optimum even for correlated errors is discussed and
a construction for such optimal designs is presented. Furthermore, in case when there
are correlations between observations which are caused by the closeness of the assemblies
(treatment combinations) of experiments, it is shown that if the design matrix is a linear
orthogonal array, then the OLSE and the GLSE of main effects are uncorrelated.
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1. Introduction

Optimal designs of experiments in the case of correlated observations have been
studied by many authors. Kiefer (1975) introduced a general notion of optimality.
Kiefer and Wynn (1981) discussed the optimality of balanced incomplete block designs
and Latin square (or Latin hypercube) designs for correlated observations, and gave
some constructions for the optimal designs (see also Cheng (1983)). Here, we consider
the optimality of orthogonal arrays of strength 2 for the case when errors are correlated
depending on the “closeness” between experiments.

Let Ay,..., A, be the same kind of factors (treatments) with two levels and let
I' = (vi;) be an array of assemblies (treatment combinations), where v;; € {0,1} is
the level of the j-th factor for the i-th experiment. We assume that there are no
interaction effects between these factors. For example, consider an experiment for
estimating the respective effect of a certain drug at each of seven periods. Suppose
that there are sufficient number of newborn rats to get a reliable result and that they
are randomly assigned to N groups. The experiment is done for seven consecutive
weeks after their birth. At each period (the first, the second, ... and the seventh
week after birth, respectively), individual rats in the same group are received an
identical treatment, i.e., ‘dosing’ or ‘not dosing’ with the drug. After the last week,
we measure the mean of rats’ weight or some constituent of their blood, etc. for each
group. This experiment has m = 7 factors A;, ..., A7 (treatments of seven periods)
with two levels (dosing and not dosing). Similar situation may occur in agricultural
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field experiments, the factors could be treatments of some periods after seeding, each
of which may be equally, say, two weeks (or maybe more), with two levels (say,
irrigation and no irrigation).

Treatments of seven periods
Al Ay A3 Ay Ay Ag Az
Group: | O 1 0 O 1 1 1 0: not dosing
Groupj | 0 1 1 0 1 1 1 1:  dosing

In the rat dosing experiment, as seen in the table, the groups ¢ and j are received
the same treatments except for the treatment As of the third week after birth. The
experiments for these two groups are said to be close and expected to give corre-
lated observations. So it is rather natural to think that there exists some correlation
cov(g;, €;) between errors of the i-th and the j-th experiments depending on their
closeness, that is, the closer they are, the larger their correlation becomes. In this
paper, we will consider the following model of observations under such a kind of
correlated errors.

y=ply+Xa+e, cov(e) =X, (1.1)
where y = (y1,...,yy)" is an N-dimensional vector of observations, € = (e1,...,en)"
is an N-dimensional vector of errors, 1 is the N-dimensional all-one column vector,
a = (a,...,af")" is an m-dimensional vector of main effects, and X = () is an

N x m matrix such that
—1 if~;; =
Tij = L 0,
1 if Yij = 1.
That is, X is the matrix obtained by rewriting the elements 0 and 1 of I' to —1 and
1 respectively. X is called the design matriz corresponding to I'.
Then the ordinary least squares estimator (OLSE) and the generalized least squares
estimator (GLSE) of a are given by solutions of normal equations such as

1 . 1
(XtX - NXtJNX) & = (Xt - NXtJN) y (1.2)

and
(X'S7X — (1S XIS ST ) & (1.3)

= (X2 - ATy XIS g,
respectively, where Jy is the N x N all-one matrix. If the main effect a of (1.1) is
estimable, then the normal equation (1.2) (or (1.3)) has a unique solution.
There are many types of “optimality” criteria to evaluate the efficiency of &v. Now
we review some optimality criteria for an array of assemblies I'. Let
(X'X — $ XN X)) H X — + X Ty)8
(X — 3 InX)(X'X — x X' TnX)™!
D) = cov(ax) = for the OLSE &, (1.4)
(X2 1X — (1,2 1) XISyt X) !
for the GLSE &




for the design matrix X corresponding to I, and let C(T') = D(T')~!. Since D(T') of
(1.4) is the covariance matrix for &, C(I") for the OLSE & coincides with the so-called
C-matrix (information matrix) only when cov(e) = o%Iy.

Suppose that = is a set of N x m arrays I' of assemblies by which the main effect
« is estimable with respect to the OLSE (or the GLSE) and that M is the set of
C(T) for I € Z. Let M be the convex hull of M and ® be the set of functions ¢ on
M such that

(i) ¢ is convex,
(i) ¢(bC) < ¢(C) for C € M and for any b > 1, and
(iii) for any orthogonal matrix P and for C' € M, ¢(P'CP) = ¢(C) holds.

An array I'* is said to be universally optimum relative to = if

¢(C(I")) = min o(C(I))

ez

holds for all functions ¢ € & satisfying (i), (ii) and (iii). The concept of universally
optimum was introduced by Kiefer (1975). It is known that the criterion includes A-,
D- and F-optimality as its special cases.

Proposition 1.1 (Kiefer (1975)) An array I'* € = is universally optimum relative
to = if

(a) C(I'™*) = al,, and
(b) tr(C(I")) = maxpez tr(C(I))

hold, where a is a constant, I, is the m X m identity matriz and tr(C) denotes the
trace of a matrix C'.

Suppose that M’ is the set of the covariance matrices D(T) for any I' € 2, M’ is
the convex hull of M’ and ¥ is the set of functions ¥ on M’ such that

(i)’ v is convex,
(ii)" ¥(bD) > (D) for D € M’ and for any b > 1, and
(iii)" for any orthogonal matrix P and for D € M', ¢)(P*DP) = (D) holds.

An array I is said to be weakly universally optimum relative to = if

Y(D(")) = min(D(D))
holds for all functions ¢ € ¥ satisfying (i)’, (ii)’ and (iii)’. The concept of weakly
universally optimum was introduced by Kiefer and Wynn (1981). It is known that
the criterion includes A- and E-optimality and that I'* is weakly universally optimum
relative to = if it is universally optimum relative to =.
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Proposition 1.2 (Kiefer and Wynn (1981)) An array I'* € = is weakly univer-
sally optimum relative to = if

(a) D(I'*) = al,, and
(b)" tr(D(T'*)) = minrez tr(D(T))
hold, where a is a constant.

In any two columns of an N xm array I', if the ordered pairs (0, 0), (0, 1), (1,0) and
(1,1) occur equally often, then I' is called an orthogonal array of size N, m constraints,
two levels and strength 2, denoted by OA(N, m, 2,2) (for more general definitions, see,
for example, Raghavarao (1971) and Beth, Jungnickel and Lenz (1985)). Without loss
of generality, we can assume that the first row of I"is (0, ..., 0). Noting that X1y =0
and X*X = NI, hold for the design matrix X corresponding to an orthogonal array
', the covariance matrix (1.4) for the OLSE of « is reduced to

cov(@) = ]\;X@X.

In the case when cov(e) = %Iy, it is well-known that an OA(N,m,2,2) is uni-
versally optimum among arrays by which the main effect ¢ is estimable (see Kiefer
(1975)). Our aim is to find an array I" which is optimum not only for the case when
cov(e) = oIy but also for a more general class of covariance structures given in the
next sections.

In Section 2, we shall show the property of orthogonal arrays when the true
covariance structure is correlated. In Section 3, when a linear orthogonal array is
utilized, the covariance matrices for the OLSE and the GLSE of a are given under
a covariance structure which depends only on the Hamming distance. In Sections
4 and 5, under certain covariance structures the optimum designs are provided by
using the result of Section 3. In Section 6, as a by-product, in the case of complete
factorial designs the covariance matrices for the OLSE and the GLSE of main effect
a are shown under some covariance structures.

2. Optimality of orthogonal designs for correlated errors

For the model (1.1), we usually assume cov(e) = %Iy, but the true covariance
structure may be different from this. Here, we consider the possibility of correlated
errors. That is, if two rows of I' resemble (close) each other, then there may exist
correlation between errors of the experiments corresponding to these rows.

Let v; = (Yi1y- -+ Vim) and v, = (Y1, - - -, Vem) be the i-th and the k-th rows of
I'. The number of j such that ~;; # v, is called the Hamming distance between ~;
and -, denoted by d(7;,7,). And d(v,, (0,...,0)) is called the Hamming weight of
v, denoted by w(«y,;). In our settings, we measure the closeness of the i-th and the
k-th experiments by the Hamming distance d(=y,, ;). For an array I, if

d = min{d(vy;, v)| i Vi are distinct two rows of I'},



then I is called an array with minimum distance 9.
First, we assume the following covariance structure:

Covariance structure I:
=o0? ifi=k,
cov(es,ep)q >0 it d(y,,ve) <9,
= if d(’Yw ’71@) > 57
where § < |m/2] is a given constant (|a] implies the greatest integer not exceeding

a).

If we do not know a covariance structure, we will use the OLSE to estimate the
main effect a. Now, we will present an array of assemblies which is weakly universally
optimum for such a case. Let = be a set of OA(N,m, 2, 2).

Theorem 2.1 Under Covariance structure I, if an orthogonal array I'* satisfies d(vF,~5) >

0 for any two rows vy; and v;, of I'*, then I'* is weakly universally optimum relative to
E. In this case, cov(a) = (02 /N)I,, holds, which does not depend on the correlations
of errors.

Remark. A special case of Theorem 2.1 was given without proof by Jimbo (1986).

Proof of Theorem 2.1. Let X be the design matrix corresponding to an orthogonal
array I' € =. In this case, X'X = NI, and X*Jy = 0. Then it is easy to show that
1
cov(@) = (X' X) ' X'SX(X'X) ™! =¥z > cov(e, ex) i@y, (2.1)
i,k

where x; and x;, are the i-th and the k-th rows of X. Thus we obtain

1
tr(cov(ex)) = tr(D(I")) = N2 > cov(e;, ep)tr(xiey,)
ik
= 2 —i— — ZCOV i, ex)(m —2d(v;, 7))
N i#k
> <o’

since tr(zixy) = tr(zpx!) = m — 2d(y,,7,). We also obtain tr(D(I'*)) = (m/N)o?
since d(v}, ;) > ¢ for any ¢ and k. Hence the theorem is proved by Proposition 1.2.
(]

Here, we consider a construction for orthogonal arrays which satisfy the condition
of Theorem 2.1. If all the row vectors of I' form an n-dimensional linear subspace of
GF(2)™, T is called a linear orthogonal array. In this case, N = 2" for some integer
n < m. Usually, the following method is used to construct linear orthogonal arrays.

Let ¢g1,...,9m be distinct n-dimensional non-zero column vectors in the vector
space GF(2)" and let G = [g1,...,gm]. By arranging N (= 2") m-dimensional row
vectors 0G (0 € GF(2)") into an N X m matrix we obtain an OA(N,m,2,2). In this
case, the OA(N,m,2,2) is called a linear orthogonal array generated from G.
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Theorem 2.2 Let G = [I,,:K] be an n X m matriz over GF(2) and let T be a linear
OA(2",m,2,2) generated from G. If every 6 column vectors of the (m—mn) x m matric

H = [I,,_n:K"] are linearly independent, then T' has minimum distance at least 6 + 1
and under Covariance structure I, I' is weakly universally optimum with respect to
the set = of orthogonal arrays.

Proof. This is a direct consequence of the well-known result of coding theory that a
linear code with a parity check matrix H has minimum distance at least 6 41 if any o
distinct column vectors of H are linearly independent (see, for example, MacWilliams
and Sloane (1977)). O

3. Covariance structure depending only on the Hamming distance

In this section, we assume that the correlation between errors depends only on
the Hamming distance and discuss some properties of covariance matrices for the
OLSE and the GLSE of a when a linear orthogonal array is utilized. Furthermore,
a sufficient condition for the covariance matrices for the OLSE and the GLSE to
coincide is provided. The results obtained in this section will be used in the next two
sections to show the optimality of a certain type of linear orthogonal arrays.

cov(es, ex) = o? if i =k,
nee o*pa(y,yy) 0 F k.

This type of covariance structure was first introduced by Kiefer and Wynn (1981)
just in the case when p; # 0 and py = --- = p,, = 0 as a “nearest neighbor” (NN)
correlation structure of an “m-way layout with m factors (treatments)”.

For an array I' of assemblies, define N x N matrices D, = (d,fi)) (¢=0,1,...,m)

as follows: '
40 :{ Lif d(y,,vi) =,

(3.1)

ik 0 otherwise.

Dy is called the ¢-th adjacency matriz of I'. Then by using the adjacency matrices
Dy, the covariance matrix (3.1) of errors can be written as

cov(e) =X = 0*(In + po(Do — In) + > _ peDy), (3.2)

(=1
where p, (¢ = 0,1,...,m) is the correlation coefficient for two experiments whose
Hamming distance is ¢. In usual cases, it is natural to be assumed that py > p; >

o> > 0.

If the number m of constraints (factors) is large, constructions for non-linear
orthogonal arrays are so complicated that we will focus our attention on linear or-
thogonal arrays in the sequel of this paper. Since there are no repeated rows in a
linear orthogonal array I', the 0-th adjacency matrix of I' is represented as Dy = Iy,
that is, if d(7;,7;) = 0, then ¢ = k. For convenience, let pg = 1. Then the covariance
matrix (3.2) is rewritten as

cov(e) = ¥ = o? (IN +>° png) =0 peDy. (3.3)
(=1 =0
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For a linear orthogonal array I', the number of rows -; which is at distance ¢
from a given row «; is constant not depending on the choice of 7, because d(v;,v,;) =
w(y; + 'yj). Thus D,1x = ¢;1y, where ¢ is the number of rows in I' with Hamming
weight ¢. Hence X1y = cly for a constant ¢, which implies that X711y = ¢ 1y
since 1y = Y7131y = X7 '1y. Noting this fact and X'1y = 0, the covariance
matrix (1.4) for the GLSE of a is reduced to

cov(a) = (X'271X)~t

Before stating the next theorem, we will provide two lemmas. For any given m xm
permutation matrix () if there exists an N x N permutation matrix P such that

rQ = Pr,
then I is said to be invariant with respect to any column permutations.

Lemma 3.1 Let D be an N xm linear orthogonal array which is invariant with respect
to any column permutations and let A be an N X N matriz whose (i, j)-th element
depends only on the Hamming distance between the i-th and the j-th row vectors of I'.
If A is not singular, the elements of A~ also depend only on the Hamming distance
between the row vectors of I'.

Proof. Let =, be the i-th row of I'. Transform every row vector =, by adding a
given vector v, of I'. Since the set of all the row vectors of I' forms a linear subspace
of GF(2)™, there exists exactly one k such that +, + 7, = -, for any i¢. Thus the
transformation induces a permutation on the subspace. Let P; be a permutation
matrix corresponding to the transformation. Then P, exchanges every two rows =,
and -y, of I' such that v, + -, = 7. It is easy to show that

PLAP! = A, (3.4)

since d(y; +n,Y; +7n) = d(7:,7v;) and the (i, j)-th element a;; of A depends only
on the Hamming distance between the i-th and the j-th rows of I'. On the other
hand, let P, be an N x N permutation matrix induced by a column permutation of
I'. Then this type of permutation also satisfies (3.4).

Assume that d(v;,7;) = d(vy,7,), then a;; = ap. By combining two types of
permutations Py and P, we can obtain a permutation P which exchanges the (7, j)-th
and the (k,¢)-th elements of A each other. Needless to say, PAP* = A holds. Since
P'P = PP! = Iy, we have

A(PAT'P"Y) = (PAP")(PAT'P") = PAAT'P' = Iy.

Hence
PA7'pPt = A7t

Thus the (i, 7)-th element and the (k,¢)-th element of A~! should coincide, which
means that A~! is also a matrix whose (i, j)-th element depends only on the Hamming
distance between the i-th and the j-th rows of T O
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Lemma 3.2 Let I' be an N x m linear orthogonal array and let A = (a;;) be an
N x N matriz, where a;; depends only on the Hamming distance between the i-th and
the j-th rows of I, defined by a;; = Vd(y,~,)- Suppose that X is the design matriz
corresponding to I'. Then

N
AX = X3 vty Za,
=1

holds, where Z,, = —diag(z;1, ..., Tin) for the i-th row ©; = (z;1, ..., Tim) of X.

Proof. Define N x N matrices R; = (%) as follows:

- L ity + v =
gk 0 otherwise.

Since the set of row vectors of I is a linear subspace of GF'(2)™, for a given =y,, there
exists a unique 7y, such that v, + v, = =, for any «v,. Thus R; is a permutation
matrix which exchanges every two rows x; and @) of X such that v; + v, = ;.
Accordingly the matrix A can be represented as

N
A= Z Uw("/i)Ri’
i=1

and then N
AX = Z Uw('yi)RiX'

i=1
Furthermore, by noting that R;X can be obtained by adding ~y, to every row of T’
and rewriting 0 and 1 to —1 and 1, respectively, R;X = XZ,, is observed. Thus

N
AX =X Z Uw(‘yi)Zwi-
i=1
We have just completed the proof of Lemma 3.2. O
As an immediate consequence, we have the following theorem.

Theorem 3.1 Let I be an N X m linear orthogonal array and let X be the design
matriz corresponding to I'. Under the covariance structure (3.3), for the OLSE &o,

. 1 . 0,2 N
COV(aO) = WX »X = N E pw(‘)’z)ZxL (35)
i=1

holds.

Now we can show the following result for the GLSE of a.

Theorem 3.2 Besides the assumption of Theorem 3.1, assume that the (i, j)-th el-
ement of X7 depends only on the Hamming distance between the i-th and the j-th
row vectors of I'. Then the covariance matrix for the GLSE &g coincides with that
for the OLSE ao of the form (3.5).



Remark. For example, if I" is a linear orthogonal array which is invariant with
respect to any column permutations, then ¥ =! satisfies the condition of Theorem 3.2
by virtue of Lemma 3.1.

Proof of Theorem 3.2. Since ¥ = 023", p¢D; for the adjacency matrices D,
(6=0,1,...,m) of I', under the covariance structure (3.3)

N
DX =o0°X pr(%)Zﬂﬂi

i=1

follows from Lemma 3.2. Similarly, by using Lemma 3.2 with the assumption on X7,

1 N
1 .
XX = ;XZ;VU,(%)ZM
1=
is obtained, where v, (¢ = 1,2,...,m) is a certain series of constants satisfying X! =

(1/0%) Y7o veDy. Since XX = NI, we have

-1
N N

covlég) = (X'S1X)1 = (QZVWZ%) . (3.6)

=1

g

Furthermore, by noting (XX )Y(X71X) = X!¥¥7'X = NI,

-1

N N
Y Vi) Ly = (Z Pmemi) (3.7)
=1 =1

holds. Hence the theorem is proved by (3.5), (3.6) and (3.7). O

4. Optimum factorial designs for the nearest neighbor covariance struc-
ture

In this section, we consider the same covariance structure that Kiefer and Wynn
(1981) treated as a “nearest neighbor” (NN) correlation structure, i.e., p; = p (> 0)
and ps = -+ = p,, = 0 in (3.3), which is a kind of the “moving-average” model of
order 1.

Covariance structure II:

cov(e) =X = o*(Iy + pDy).

Let I" be a 2" x m linear orthogonal array and s be the number of row vectors with
Hamming weight 1 in I'. Without loss of generality, we may assume that in I" there
exists exactly one row vector with Hamming weight 1 such that the i-th coordinate is
1fori=1,...,s. Then the subspace W consisting of the rows of I' is expressed as a
direct sum of the s-dimensional linear space W7 = GF(2)* and an (n — s)-dimensional
linear subspace W5 of the linear space GF(2)™*, that is,
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Obviously the Hamming weight of each row vector in W5 is 0 or greater than 1. Let
X, be the 2° x s matrix obtained by arranging the row vectors of W; and by rewriting
the elements 0 and 1 to —1 and 1, respectively. Similarly, let U be the 2"~* x (m — s)
matrix obtained by arranging the vectors of W5 and by rewriting the elements 0 and
1 to —1 and 1, respectively. For the design matrix X corresponding to I', without
loss of generality, we assume that the first row of X is (—1,...,—1) and write

X - 127175 ® XSU ® ]_28 5 (42)

where 1, is the /-dimensional all-one column vector and ® indicates a direct product.

Let D{(= Is), D}, ..., D. be the adjacency matrices of Wi and let V' = D} + pD].
Since (4.2) implies that X can be divided into 2"~* subblocks with 2° rows each and
the covariance of every two rows contained in distinct subblocks is 0, cov(e) is a block
diagonal matrix as follows:

cov(e) = ¥ = o*diag(V,..., V). (4.3)
—_————

2n—s
A preliminary result is needed for further discussion.

Lemma 4.1 Let X be the design matriz of the form (4.2) corresponding to a linear

orthogonal array I'. Let B = (b;;) be a 2° x 2° matriz, where b;; depends only on the

Hamming distance between the i-th and the j-th row vectors v; and ~y; of Wi, defined

by bij = Vd(y,~,)- Suppose that A = diag(B, ..., B) is an N X N block diagonal matriz
N

oQn—s

(N =2"). Then

AX = X -diag(\, ..., A\ K, ..., K),
—— N——

S m—s

holds, where
5 S 5 s—1
m:Zw<> and )\:/i—22w< )
(=0 ¢ (=1 € -

Proof. Let w; = (uj1,...,ujm—s) be the j-th row of U in (4.2). Assume that X is
divided into 2"~* subblocks as follows:

where X(j) = [Xiu; ® 15:]. Then,

AX = diag(B,...,B)- X =

BX(ans)
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Now, let U; = diag(1,...,1,u;1,...,ujm—s). In this case,
———

where J is the 2° x (m — s) all-one matrix. Let &; be the i-th row of [X,:—J] and 4, be
the vector obtained by rewriting the elements —1 and 1 of &; to 0 and 1, respectively.
By using Lemma 3.2 we obtain

28

BX(j) =B [XS - J] Uj = [XS - J] va(ﬁ’i)Z@in
i=1

28

23
= (X = TN U D vuiy Za: = XG) D vy Zans
=1 =1

where Zz, is defined also in Lemma 3.2. Therefore, it follows that

23

i=1
Since the rows of X consist of all the s-dimensional vectors with elements £1, in X
there are (Z) row vectors with Hamming weight ¢ and among them there are (Zj)
row vectors such that each of them has 1 at the i-th coordinate. By taking account
of this fact, we obtain

25
> V) Za = diag(\, .. A Ky R),
i=0 —

———
where
- s 2 s—1
K:Z’l}g<> and )\:H—QZUE< )
=0 ¢ (=1 £ —
Thus the lemma is proved. O

The following is a direct consequence of Lemma 4.1.

Theorem 4.1 Under Covariance structure II, if I' is an N X m linear orthogonal
array, then C(T') for the GLSE & coincides with that for the OLSE &o. Further
C(T") is a diagonal matriz which consists of s and m—s diagonal elements with values

N 1 N 1
——  and —- :
o2 1+ (s—2)p o2 1+sp

respectively, where s is the number of vectors with Hamming weight 1 among the row
vectors of T'.

Proof. Let X be the design matrix of the form (4.2) corresponding to I'. Then ¥ is
represented by (4.3) under Covariance structure II and

1
Y= ;diag(V‘l, I Vo
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holds. Suppose that the row vectors in Wj of (4.1) are numbered arbitrarily. It is
obvious that the (7, j)-th element of V' depends only on the Hamming distance between
the i-th and the j-th row vectors of Wj. Since W is the linear space GF(2)%, it is
invariant with respect to any column permutations of coordinates. Hence we can
claim that the (i, j)-th element of V! also depends only on the Hamming distance
between the i-th and the j-th row vectors of W; (see Lemma 3.1). Since

VX =o?X -diag(\, ..., \ K, ..., K)
———— N —

S m—s

follows from Lemma 4.1, where k = (3) —I—p(‘;) and A = Kk — 2p<861), by using Lemma
4.1 again and by noting (X X)Y(X7'X) = NI, we have

N
NUIX = S X diagA L AT e e,
g

Thus it follows that

2
cov(ds) = (X'EIX) = %diag(/\,...,)\,m,...,/i)

1 .
= WXtZX = cov(@o),

which proves the theorem. O

Theorem 4.1 allows us to state the following theorem. Let =, be the set of N x m
linear orthogonal arrays by which the main effect a is estimable.

Theorem 4.2 Let m > 3 and let I'* be an N X m linear orthogonal array with
manimum distance at least 2. Then under Covariance structure II, T s

(1) wniversally optimum relative to =, for 0 < p <1—2/m, and
(il) weakly universally optimum relative to = for 0 < p (< 1)
with respect to the OLSE and the GLSE of c.

Remark. Theorem 2.1 shows (ii) only for the OLSE & but under a more general
covariance structure.

Proof of Theorem 4.2. Let I' € =;. Assume that s > 1 for I', where s is the
number of vectors with Hamming weight 1 among the row vectors of T'.

(1) Since the minimum distance of I'* is at least 2, the case when s = 0 in Theorem
4.1 gives C(T*) = (N/0?)I,,. Thus if we can show tr(C(T')) < tr(C(I*)) for 0 < p <
1 —2/m and for s > 1, then (i) is proved by Proposition 1.1.

Let X be the design matrix corresponding to I'. Theorem 4.1 yields

N S m—s
tr(c(r)):02{1+(3—2)p+1+3p}
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and especially,

for I'*. Since

+ <m
I+ (s=2)p 1+sp

for any s > 1 and for any 0 < p < 1—2/m, tr(C(I")) < tr(C(I*)). Thus the assertion
of (i) follows.

(ii) In a manner similar to (i), we obtain
o2
tr(D(D)) = s+ (s = 2)p) + (m = s)(1 + sp)}
for any I' € =;. In case of I'*,

2

* _ *\—1\) __ 1
(D) = tr (C(T)") = N
holds. Then it is readily checked that tr(D(I")) — tr(D(I'*)) > 0 for s > 1, 0 < p
(< 1) and m > 3. Hence (ii) is proved by Proposition 1.2. O

5. Further results in the case of large experiments for the OLSE

In this section, we assume two types of covariance structures of errors, like the
“moving-average” model of order 2 and the “autoregressive” model of order 1, and
consider the optimality only for the OLSE of «, simply denoted by ¢, unless otherwise
specified.

Covariance structure I1I:

cov(e) = ¥ = 0*(Iy + p1D1 + p2Ds).
Covariance structure I'V:

cov(e) =S =0 p'Dy.
=0

From Theorem 2.1 we know that under Covariance structure III, an orthogonal
array with minimum distance 3 is weakly universally optimum for the OLSE, if it
exists. Here we discuss the optimality of linear orthogonal arrays for the OLSE under
Covariance structure III in the case when a linear orthogonal array with minimum
distance 3 does not exist. Similar discussion will be developed under Covariance
structure IV.

In order to show the following theorems, we need to present three lemmas be-
forehand, which are also closely related to coding theory. The first one follows from
Theorem 3.1.

13



Lemma 5.1 Let I be an N x m linear orthogonal array and let & be the OLSE of
. Under Covariance structure 1V, cov(&) is a diagonal matriz and

i\gtr(cov(d)) =mf(p) = 20f'(p)

holds, where f(p) = SN, p*) and ~; is the i-th row vector of T.

Remark. f(p) is called the weight enumerator of the linear subspace consisting of
the rows of I,

The following lemmas on the weight enumerator are obtained by counting directly
the number of 1 in each row of the linear code generated from G, or by applying
the MacWilliams theorem concerned with a linear code and its dual code (see, for
example, MacWilliams and Sloane (1977)).

Lemma 5.2 Let K = [0,...,0,1,...,1]" and G = [I,,_1:K], then the weight enu-
s m—s—1
merator of the linear code generated from G is

Lemma 5.3 Let

and G = [I,,_2:K], then the weight enumerator of the linear code generated from G
15 given by

14+ x)™
flay = ED

where s+a+b+c=m and 6 = (1 —xz)/(1+ x).

{1 + <5a+b+5b+c+5c+a)}’

Now, we can show the following two theorems.

Theorem 5.1 Let K* = [1,...,1]" and let T* be the 2™~ xm linear orthogonal array
“1

generated from G* = [I,,,_1:K*] for m > 4.

(i) Under Covariance structure 111, I'* is weakly universally optimum relative to the

set 2y, of 2™~ x m linear orthogonal arrays for 0 < py < %pl (< 1),
and then )
—1 —4
cov(@) = % {1 4 (m )2(m ),02} L. (5.1)

14



(ii) Under Covariance structure IV, I'* is weakly universally optimum relative to =,
for 0 <p (< 1), and then

cov(@) = o (1= p") {(1+p)" 2+ (1= p)" 2} L. (5.2)

om
Proof. It is easy to see that the Hamming weight of every row of I'* is even. Therefore
['* is invariant for any column permutations. In this case, (3.5) in Theorem 3.1
is reduced to cov(&) = alym-1 for some constant a under each of the covariance
structures III and IV. Hence, in order to prove the theorem, we have only to show
that tr(cov(&)) attains the minimum at s = 0. Let K =[0,...,0,1,...,1]* and let I"
—— H/_lz
be the 27! x m linear orthogonal array generated from G = [I,,,_1:K].
(i) By counting the right-hand side of (3.5),

2
cov(a) = o

2m_ldiag(a, coya,b, . 0b)
—— ——
s m—s

can be obtained, where

=) e {60 ()

and

Hence we have

tr(cov(@)) = 22_1 {sa + (m — s)b}
o (m = 2)p1 = m(m — 4)p,\*
= Saoppe(m—4) <5 + 20m = Dy ) + A,

where A is a term which does not contain s. When

_(m=2)p —m(m—4)p> _1
2(m — 4)po 2’

that is, when 0 < py < %pl (< 1), it is readily checked that the value of

tr(cov(a)) attains the minimum at s = 0. Thus I'* is weakly universally optimum
relative to =, and we obtain (5.1). Hence (i) is proved.
(ii) By Lemmas 5.1 and 5.2 we have

0.2

tr(cov(a)) = So={mf(p) —2pf'(p)}
o? {m(l—i—p)m

s {2 i G S0,

2(1—-p)
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where Q(s) = {(1=p)/(1+p)}™*{m(1+p)? —dps}. It Q(s) < Q(s+1) for any 5 > 0,
we can conclude that I'* is weakly universally optimum relative to =; by Proposition
1.2. Here, the inequality Q(s) < Q(s+ 1) can be reduced to

o< LEp){md+p) —2}
< 1

(5.3)

Since the dimension of the linear subspace generated from G* is m — 1, the left-hand
side of (5.3) is not less than m — 2, that is, 0 < s < m — 2. Therefore, (5.3) holds for
any 0 < p < 1 and we have (5.2) for s = 0. Hence (ii) is proved. O

Remark. (a) I'* is a linear orthogonal array of strength m — 1 and it is the even
parity code if it is regarded as a linear code.

(b) Let &p and &g be the OLSE and the GLSE of the main effect a, respectively.
Since I'* is invariant with respect to any column permutations, cov(ép) = cov(a)
can be shown for ['* by using Lemma 3.1 and Theorem 3.2.

Theorem 5.2 For m = 3p and p > 2, let
1.-- 0---01"
1...

1
K'=10.---0 1
N—— N——
p—1 P p—1

1---1
1---1

and let T* be the 2™ x m linear orthogonal array generated from G* = [I,,_o K*].

(i) Under Covariance structure III, T is weakly universally optimum relative to
the set 21 of 272 x m linear orthogonal arrays for 0 < py < %pl, and then

cov(ar) = i {1 + (m =3)(m = 4) ,02} I, (5.4)

2m72

(ii) Under Covariance structure IV, T'* is weakly universally optimum relative to =,
for0 < p (< 1), and then

cov(a) = ;i : (141__,0):1 {(1 —p)?+ (3+2p+3p% (112) ' } I,. (5.5)

Remark. In this case, I'* is a linear orthogonal array of strength 2p — 1, which
implies that I'* has the maximum strength among 23’~2 x 3p linear orthogonal arrays
since the minimum distance of I'* is 2. In other words, if I'* is regarded as a linear
code, the probability of detecting errors is maximum among all (3p — 2)-dimensional
linear codes with length 3p.

Proof of Theorem 5.2. Let
0---0
1



Then H is a parity check matrix of I'* when I'* is regarded as a linear code.
Let By ={1,3,4,...,p+1}, Ec = {p+2,...,2p+1} and E5 = {2,2p+2,...,3p}.
Then v, = (Yi1, - - -, Vim) is a row (codeword) of I'* if and only if

JEEL1UEY JEESUES
over GF'(2). The condition (5.6) is equivalent to
2 M= D W= D Ve
jEEL JjEE> JEES

Therefore the Hamming weights for the respective sets Fy, Es and Ej3 of coordinates
in each row of I'* are odd or even simultaneously. By this symmetry, it is easy to
show that

cov(a) = D(I'") = alym-2

for some constant a under each of Covariance structures III and IV. In the rest of the
proof, we shall show that tr(cov(&)) = tr(D(I')) attains the minimum at s = 0 for
each case of (i) and (ii). Let

01
K=|0---0 0---
e

where s+ a+b+c = m, and let I' be the 2"~2 x m linear orthogonal array generated
from G = [I,,_2:K].
(i) By virtue of Theorem 3.1,

0.2

cov(a) = 2m72diag(t,...,t,u,...,u,v,... VW, W)

is obtained, where

) (B )

w o= 14+ ]p+ $>+ + b>+<>—2<6_1}p2.
1 2 2 2 2 1
Immediately,
o2
tr(cov(ar)) = Sz (st + au + bv + cw)
o2 m — 4

= {m+s(m—2)p1+

=3 (s°+a®+ 0>+ — m)pz}
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is shown. By noting that a® +b* + ¢* > (a + b+ ¢)*/3 holds with the equality if and
only if a = b = ¢(= (m — s)/3), we have

o2 2(m—4)p2<8 3(m—2>p1—m(m_4)p2>2+A

tr(cov(ar)) > om—2 3 4(m — 4)p,

where A is the term not containing s. If

~3(m —2)p1 —m(m —4)ps _ 1
4(m — 4)ps 2’

then the value of tr(cov(&)) attains the minimum at s = 0, that is, I'* is weakly
universally optimum relative to 2 for 0 < py < —2-p;, and then we obtain (5.4).
Hence (i) is proved.

(ii) From Lemmas 5.1 and 5.3,

tr(cov(@)) = oo {mf(p) — 207" (p))

o {m(l +p)" !

(1 . p)(l +5a+b +5b+c+5c+a)

2m—2 4
1 m—1
—i—(i_f)pp ((a + )6 + (b4 )8 + (c + a)50+“)}
follows. It is easy to see that
5a+b + 5b+c + 5c+a > 3(5a+b+c)%(: 35§(m—s)) (57)
and
(a4 )5 + (b + )6 + (c 4 a)s“t® (5.8)
> 2Vab - 0" + 2Vbe - 6°¢ + 2y/ca - 6°°
> 6(abes?m )3

for 0 < s < m — 2. The equalities in (5.7) and (5.8) hold if and only if a = b =c =
(m — s)/3. Furthermore, the right-hand sides of (5.7) and (5.8) attain the minimum
simultaneously at s = 0. In the case when s = 0,

tricov(a)) = ;Tn ' m(11+_p[))m— {(1 —p)* 4+ (3+2p+3p%) (;Z) § }

holds and then (5.5) is obtained immediately. Hence (ii) is proved. O

6. Complete factorial designs

In this section, as a by-product, we provide the covariance matrices for the OLSE
and the GLSE of a in the case of complete factorial designs under some covariance
structures. In the case of complete factorial designs with m factors, the rows of I' form
the linear space GF'(2)™, thus I is invariant with respect to any column permutations.
Hence by applying Lemma 3.1, Theorem 3.2 and Lemma 4.1 for s = m = n, we have
the following theorem and its corollary.

18



Theorem 6.1 For the complete factorial design with m factors, under the covariance
structure (3.1), the covariance matrices for the OLSE é&o and for the GLSE &
cotncide, and then

) . o [ m m m—1
cov(@p) = cov(ag) = N {;Pe<€> — Q%Epe(g_ 1)}fm
holds.

Corollary 6.1 For the complete factorial design with m factors, under the covariance
structures II, I and IV, the covariance matrices for the OLSE & and for the GLSE
ag are given as follows:

2
II: cov(éo) = cov(ég) = 2%{1 + (m — 2)p}Hm,

02

III: cov(ap) = cov(ag) = — {1 + (m—2)p1 +

2m

(m — 1)2(m — 4)p2} I

2

IV: cov(éo) = cov(éy) = 2%(1 + )" Y1 = p)I.
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