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SUMMARY  We show examples of accurate computer-aided
design of power coupling between two dielectric slab waveguides
of finite length by using the boundary-element method (BEM)
based on guided-mode extracted integral equations (GMEIE’s).
The integral equations derived in this paper can be solved by
the conventional BEM. Various properties in numerical calcu-
lations of GMEIE’s are examined. The reflection and coupling
coefficients of the guided wave as well as the scattering power are
calculated numerically for the case of incidence TM guided-mode.
The presented results are checked by the energy conservation law
and reciprocity theorem. The results show that it is possible to
design an optimum coupling between two dielectric slab waveg-
uides by using the BEM based on GMEIE’s.

key words: coupling, slab waveguide, boundary wintegral equa-
twons, boundary-element method

1. Introduction

A proper coupling between two waveguides for light-
energy transfer between them plays an important role
in the area of millimeter-wave, submillimeter-wave, and
optical systems.

Many researchers have worked to find accurate and
efficient methods for the analysis of optical dielectric
waveguide circuits of complicated configuration. So far,
the coupling between a solid-state laser and a planar
dielectric waveguide has been investigated [1], and the
analyses of coupling of a laser diode to a multimode
fiber have also studied [2]. The extensive investigation
has been done on the power coupling between waveg-
uides that are either both planar [3]-[7], both circu-
lar [8],]9], or one circular and one planar [10]. Fur-
thermore, the problem of arbitrarily discontinuities in
planar dielectric waveguides has been treated in detail
[11]-[13]. However, most of problems under considera-
tion in these papers have restricted to the systems with
the symmetrical geometry and/or the refractive indices
of all the waveguides media are almost close, i.e., the
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weak-guidance condition is valid and the refractive in-
dex contrast between two waveguides is low. In addi-
tion, when we apply these techniques to the analysis
of optical waveguide circuits, we have to combine with
mode-expansion techniques of open waveguide struc-
tures that require complicated calculations and are not
easy to perform.

Nowadays, the waveguides with strong-guidance
condition and asymmetrical structure are widely used.
So, the technique that gives the accurate reflection and
coupling coefficients as well as the scattering power for
the problem of power coupling between two dielectric
slab waveguides with arbitrarily profiles of the refrac-
tive index is of great interest.

So far, we have proposed the boundary integral
equations (BIE’s) that are called guided-mode ex-
tracted integral equations (GMEIE’s) [14]-[17]. If we
use GMEIE’s, we can avoid using mode-expansion tech-
niques for open waveguide structures and can solve
GMEIE’s numerically by the conventional BEM or the
moment method (MM). Because it is possible to inves-
tigate optical waveguide discontinuity problems such as
scattering by an isolated dielectric object of finite size
by using GMEIE’s, they are suitable for use with CAD
of dielectric optical waveguide circuits. In this paper,
we show examples of accurate CAD of dielectric wave-
guide coupling for the symmetrical and asymmetrical
geometries, including the systems with the high refrac-
tive index contrast between two waveguides.

The numerical results are presented for the case of
incidence TM guided-mode. The results are verified by
using the energy conservation law and the reciprocity
theorem.

2. Boundary Integral Equations

We first introduce two types of coupling whose geome-
tries are shown in Figs. 1(a) and (b).

In Fig. 1(a) the geometry of a matching-plate (MP)
coupling is defined. An abruptly ended single-mode
slab waveguide A is coupled the other slab waveguide
B by using a matching-plate. The parameters of waveg-
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Fig.1 Geometry of the problem under consideration.

uides and matching-plate are designed as shown in
Fig.1(a), where ko denotes the free-space wave num-
ber, kg = w/e¢, with ¢ being the velocity of light in a
vacuum. It can be seen that the geometry of a tilted-
ends (TES) coupling as shown in Fig. 1(b) is a special
case of MP coupling.

In the systems as shown in Figs. 1(a) and (b), to
achieve true-mode guidance, it is necessary that the
refractive index of core region (n.,) be larger than that
of substrate (ns,) and cladding (n.) regions. If ng, =
N, We name it a symmetrical system. In the case ng, #
ne, the system is asymmetrical. In this paper, it would
be chosen: n., > Ng > Ne, i.€., N1 > Ng > ng and
Ng > N5 = Ng.

If we assume that an incidence guided-mode from
the waveguide A is directed toward the ended surfaces,
we need to determine power of reflected guided-mode
in waveguide A, power of transmitted guided-mode in
waveguide B, and scattered power excited by the ended
surfaces.

In the following analysis, a harmonic time depen-
dence exp(+jwt) is assumed for the field quantities and
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is suppressed throughout the analysis. The whole space
is assumed to be magnetically homogenous with a per-
meability ¢ = po of a vacuum. Since the two slab
waveguides are assumed to be infinite extended in the
y-direction, all field quantities are independent of y (i.e.
a/0y = 0).

In order to generate GMEIE’s, we assume that a
dominant TM guided-mode is incident from waveguide
A directing toward the ended surfaces. The locations of
the actual boundaries (solid lines) and virtual bound-
aries (dashed lines) are shown in Fig. 1(c). Let us note
that the part from virtual boundaries to ended surfaces
of longitudinal boundaries is specified by comma on the
superscript. We consider the 2D Helmholtz equation,
which is derived from Maxwell’s equations. The Carte-
sian coordinate is used. We first consider the case in
which the observation point x approaches the bound-
aries C = Cyg 4+ C}y + C17 + Ci5 + Cy3 from inside of
the waveguide A. The 2D Helmholtz equation is given
by

V2H, (x) + niks H,(x) = 0, (1)

where H,(x) is the y-component of the magnetic field.
The free-space Green’s function G1(x|x’) associated
with Helmholtz Eq. (1) can be written as

VG (x|x)) + n2k2G (x|x)) = —6(x|x), (2)
where
Gy (x|x') = —iHéz) (n1kolx — x'|) (3)

and H(g2) (x) denotes the zero-order Hankel function of
the second kind. The conventional BIE can be derived
from Egs. (1) and (2) as follows:

N, y x/
300 = [ |6y 20

aGl (X|X/) } dl/

—Hy(x) on’

(4)
where the notation d/0n’ denotes the derivative with
respect to the unit normal vector n to C as shown
in Fig. 1(c). Since the magnetic field H,(x) includes
the guided-mode fields and the boundaries Cy5 4+ C13 is
infinite length, H,(x) and 0H,(x)/0n' on the bound-
aries are represented in infinite terms of a basic function
when we try to apply the BEM or the MM to Eq. (4).
To subtract the guided-mode fields from the total
magnetic field, we consider what kinds of field are in-
cluded in the total magnetic field on the infinite-length
boundaries Cy5 + Cy3. Because the total magnetic field
H,(x) on boundaries C12 + Cy3 includes the incidence
and reflected guided-mode fields, we consider that the
total magnetic field can be decomposed as follows:

Hy(x) = HY (x) + RH, W (x) + H, Y
(X on Clg + C13), (5)

NI | -El ectronic Library Service



Institute of Electronics,

I nf ormation, and Conmuni cation Engi neers

CHIEN et al.. OPTIMUM DESIGN OF POWER COUPLING BETWEEN TWO DIELECTRIC SLAB WAVEGUIDES

where R indicates the reflection coefficient and H;C (x)
represent the reflected (+) and incidence (—) guided-
mode fields, respectively. Since H?f (x) represents the
magnetic field that results from subtracting the guided-
mode fields from the total field, Hg’ (x) will vanish at
points far away from the ended surfaces on boundaries
Cia 4+ Ci3. The field Hyc(x) is called disturbed field
[14]-[17].

The total magnetic field on the boundaries Cj, +
Cy7 + Cl3, which are finite length, is also denoted by
HY (x), ie.,

Hy(x) = H/(x) (xonCy+Cir+Cl).  (6)

Substituting Egs. (5) and (6) into Eq. (4), we can
derive the following equation:

C
%H;f(x):ual(xlx) 28, )

0G, (x|x’ _
- () 2P| - T ) - U7 O ),
(7)
where
+(1) /s
+(A) OH, (x)
G (x|x)

1)(X/)T dl'. (8)

In Eq. (7) the boundary integrals of guided-mode waves
H;E m(x) along the semi-infinite longitudinal bound-
aries Cy2 + Ci3 can be reduced to that along finite vir-
tual boundary Cp, as shown in Fig. 1(c). This relation
can be obtained by applylng Green’s theorem to the
guided-mode waves H ( ) (x) in the region surrounded
by the boundary Ci, + Co1 + Ci3.

In order to derive the expression of the reflection
coefficient, R, in terms of HY (x) defined by Egs. (5)
and (6), we put the observation point x far away from
the ended surfaces. Under this condition, it is possi-
ble to approximate Green’s function by the asymptotic
expression as

G1(x[x) = A1 (r)g: (0]x), (9)
where
. o\ 1/2
_J 2j »
Ai(r) = 1 (ﬂnlkor) exp(—jnikor), (10)
g1(0]x") = exp(jniko(2’ cos B + 2" sin 8)). (11)

Substituting Eq. (9) into Eq. (7), by using the straight-
forward mathematical procedures and let note that it
is impossible for a reflected radiation field to exist at
points in the waveguide A far away from ended surfaces,
ie.,
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Hyc(r., m)=0 (r— o), (12)

we can find that the reflection coefficient, R, can be
expressed in term of the field HS (x) as

R:{/C{ch(ex) ;C( x)

) 2 gy <e>} / uf @),
(13)
where
+(1) x!
u V() = /C {glwx’)wgin,”
—HEO(x )—dgla(gx)} a. (14)

Substitution of Eq. (13) into Eq. (7), we can obtain the
GMEIE for the core region of waveguide A that is ap-
plicable to the BEM as follows:

, OHS (x')

3500 = [Py =2
Hf(x’)@(%ﬁ} dl’' — S;(x), (15)
where
’ ’ +(A)(X)
Plx) = Gaxl) = 0 g 19
L) X
5160 = U7 W) —u; W) L g
Uy (9)

Since HS (x) will vanish at points far away from the
ended surfaces, integral boundary Cia+ Cis, which
have infinite length, can be regarded as finite in length
in Eq. (15).

Next, to derive the expression of the transmission
coefficient, T', we have also decomposed the total field
on the boundary C = Cy5 + Cjs + Cyr + C)g + Cy6 into
the field components as follows:

Hy(x) = THy_(4)(x) + Hf(x), (x on Cys + Cye) (18)
H,(x)= Hyc(x) (x on Cls + Ca7 + Clig) (19)

And by using the same procedure as that used in the
above-derivation of Eq. (15) to the conventional BIE in
the core region of slab waveguide B, we can obtain the
expression of transmission coefficient, T, as follows:

, OHS (x'
T - {/C [g4<ex>—ffg7§—)

_HS(x >394—(9'x~)} dl'} / w; P(6), (20)
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where
4BWw:LMwaﬁﬂ§?9
—H @ (x )%} d. (21)

We can also obtain the GMEIE for the core region of
waveguide B in terms of the field HY (x) as

1 . 8HIC(X/>
P 7
va(x’)W} dr, (22)
with
) U*(B)
Pulxi) = Ga() — 0u(03) 2y (29)
uy (0
and
—(4) s
(B) o\ _ OHy, 'V (x')
U, P (x) /C04 [G4(x|x') Jé?n’

AH;<4>(X’)—48—%_,—) d’. (24)

So far, we have considered the cases in which an ob-
servation point x approaches the boundaries from core
region of slab waveguides. For the cases in which the
observation point approaches the boundaries from sub-
strate and cladding regions, also by using the same
above-mentioned procedure that used in the derivation
of Egs. (15) and (22) to the conventional BIE’s in the
exterior regions, we can obtain the GMEIE’s for the
substrate and cladding regions of slab waveguides A
and B in terms of the field Hf (x) that are omitted
here for saving space.

When the observation point x approaches the
boundaries C = Cy7 + Ca7 + C37 + Caz + Cs7 +
Cg7 from matching-plate region, the well-known BIE
for the total field HS (x) in the matching-plate region
can be obtained easily.

The BIE’s that derived in this paper are equa-
tions to be solved numerically for the problem shown
in Figs.1(a) and (b). They can be solved by use of
the conventional BEM or MM with applying boundary
conditions on the actual boundaries.

Once the fields on all the boundaries have been ob-
tained, the reflection and transmission coefficients can
be obtained with Egs. (13) and (20). And fields at any
point can also be calculated by boundary integral rep-
resentations.

3. Radiation Field

The radiation field Hys('l') (r, 8) (i =2, 3,4, 6) in the ex-
terior regions can be expressed by use of an asymptotic
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form of Green’s function in free-space with the corre-
sponding refractive indices. Here, a typical example of
the radiation field Hy (6) (r, ) in the cladding region of
waveguide B is obtamed as follows.

As mentioned above, it is easy to derive the
GMEIE for the cladding region of slab waveguide B
as:

- . oHE
SHS (x) = _/ Ge(xx) (/ <)
2 ° Cas+Cls+Ce7 a
G (x|x’ (L
—HE (x’)% di' —TU; P(x),  (25)

with

7 aH—(G) /
%w%wi/{%@f>45ﬁ9
Cos n

G (x|x")
—(8) /.’ 6 /
*Hy (X )W~—‘ dl’. (26)
By using the asymptotic form of Green’s function in
free-space with the refractive index ng in Eq. (25), the
radiation field can be derived as:

i 2\
S6) (0 Y _ .
Hy( )(r,0) = -3 (ankm“) exp(—jnekor)Be(9),

(27)
where
oHS¢
Bt = - | [%wﬂ O, )
JCu6+Cls+Co7
/
—HE(x) __——896(9(le )} dl' —Tug ™ (6). (28)

4. Computer-Aided Design

The integral equations were solved by use of the con-
ventional BEM. The quadratic functions are used as
basic functions, and delta functions are used as testing
functions. The normalized discretization size for calcu-
lation was kg 6 = 0.2. All semi-infinite boundaries are
truncated at ten wavelengths length. The computation
time was approximately 10 min to obtain one reflection
and transmission coefficients. In this paper it would be
chosen: n; = 3.6, ng = 1.5 to attain our aim that is op-
timum design of power coupling between two dielectric
slab waveguides with the high refractive index contrast
between them.

The most important problem in CAD always is
accuracy of result. So, in order to verify the feasibil-
ity of the method in this paper, we used the energy
conservation law and reciprocity theorem. In Table 1
the typical results of power-reflection coefficient I'g,
power-transmission coefficient 'y, normalized scatter-
ing power I's, and their total I'rorar, for the problem
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Table 1 Power-reflection coefficient I'g, power-transmission 1
coefficient ', normalized scattering power I's, and their total
I'rorar for the incidence from waveguide A (TM mode).
2 () Ik Ir Iy CroraL __w 3
0 01172 04097 04727 09998 e
5 01659 04346 04000 1 0006 =
10 02198 04375 03433 10007 2 om
15 02633 04094 03281 1.0009 =
20 02451 03807 03740 09998 §
25 00003 0 1986 08017 10007 oo oo
kod] =kod2: l,nl =3 6,}’[2:”3:324, 4 = 1 5,n5=n6= 1 35,]{01:0 %
00001
Table 2  Verification of reciprocity between incident from
waveguide A and incident from waveguide B.
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20 07318 +’]2 5102 -0 7520 +,2 5100 origin. The parameters are the same as in Table 1 with ¢ = 5°.
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Fig.2 The dependences of results on the location of virtual
boundaries. The parameters are: kodi = kodz = 1; n1 = 3.6, na
=n3 = 3.24; ng = 1.5, n5 = ng = 1.35; kol = 0, ¢ = 10°.

of TES coupling are shown. Where the parameters in
calculations are: kody; = kods = 1; n; = 3.6, ny = na
=3.24; ngy = 1.5, n5 = ng = 1.35; kgl = 0. We see that
the results satisfy the energy conservation law within
an accuracy of 0.1% well. In Table 2 the results of the
reciprocity relation (A-4) (see Appendix) between the
incidences from waveguide A and from waveguide B are
presented for the same system as in Table 1. If the nu-
merical results are fairly accurate, the second column
that contains values of the left-hand side of Eq. (A-4)
should coincide with the third column that contains val-
ues of the right-hand side of Eq. (A-4). We find that the
numerical results satisfy the reciprocity relation fairly
well in Table 2.

We have also explored the dependence of our re-
sults on the location of virtual boundaries in Fig. 2.

Here when the location of the virtual boundary Cgp; +
Coz + Cpgz is fixed, that of Coq + Cps + Cog is moved
from +0.001 to +60(9.55)); and if that of Cy; + Coy +
Cos is changed from —0.001 to —60 (9.55)), then Coqy
+ Cps + Coe is fixed. The waveguides parameters are
the same as in Table 1 with the tilted angle o = 10°.
It is seen that the results are independent of location
of virtual boundaries, except the locations at 4-0.001.
This error is caused by the numerical method used, be-
cause when the virtual boundaries approach the ended
surfaces, the coupling section approaches zero.

In order to show the validity of assumption (12),
it is necessary to check field distributions in core region
of waveguide A. If assumption (12) is correct, the field
Hf (x) must converge far from the ended surfaces. Fig-
ure 3 shows plots of these characteristics. The abscissa
koL in Fig. 3 represents distance from the origin. The
log-scale used for plots of HS (x) and OHS [on'. Tt is
found that the disturbed field Hyc (x)(left-hand side of
dashed line) becomes enough small comparing with the
total field H (x)(right-hand side of dashed line) to be
regarded as vanished. In other words, assumption (12)
is validated.

From the above-mentioned results, we can con-
clude that the numerical results in this paper are fairly
accurate and the formulation used in this paper is
mathematically correct.

5. Optimization of the Coupling Geometry

We show the examples of the CAD by the BEM based
on GMEIE’s: We consider the problem of finding op-
timum geometries that gives maximum transmission
power between two-given dielectric slab waveguides as
follows:

Symmetrical case with:
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Fig.4 Variation of I'p and ' with the refractive index of

the matching-plate ny for the case of (a) symmetrical and (b)
asymmetrical structure. The optical thickness of matching-plate
is: kol = 7/2.

Waveguide A:

kody =1, ny = 3.6,
Waveguide B:

kods = 2, ng = 1.5,

ny = ng = 3.24,

ns = ng = 1.35.
Asymmetrical case with:
Waveguide A:
kodi = 1, ny = 3.6,

Waveguide B:
kods = 2, ng = 1.5, ns = 1.35, ng = 1.05.

Nng = 324, ng = 144,

Let us start with the well-known fact that, for a
film whose optical thickness has any of the values A\/4,
3A/4, 5M/4, ... the reflectivity is a maximum or a min-
imum according to whether the refractive index of the
film is greater or smaller than the refractive index of
the last medium [18]. We first use the MP coupling for
connecting between the two above-given slab waveg-
uides, whose numerical results are shown in Figs. 4 and
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Fig.5 Variation of ' and I'r with the optical thickness of the

matching-plate kol for the case of (a) symmetrical and (b) asym-
metrical structure Where the refractive index of the matching-
plates n7 are given by: (a) 2.8 and (b) 1.4

5. In these figures solid and dashed curves show power-
transmission and power-reflection coefficients, results,
respectively. Let us note that in Figs.4(a) and (b) the
ranges of horizontal axis are different because of the
refractive index of the matching-plate must not satisfy
the waveguide condition.

In Figs.4(a) and (b) we fixed the optical thick-
ness of the matching-plate at a quarter of wavelength,
i.e., kol = /2. By changing the refractive index of
matching-plate n; we searched for the optimum values
and could find the optimum values for the both (a) sym-
metrical and (b) asymmetrical cases. From Fig. 4(a) it
is found that it is possible to improve transmission char-
acteristics of symmetrical structure from approximately
't = 0.22 of the without matching-plate coupling to
approximately T'y = 0.42 by using a matching-plate
with optical thickness kgl = 7/2 and refractive index
ny = 2.8. On the contrary, from Fig. 4(b) it is seen that
it is impossible to improve coupling efficiency of asym-
metrical structure by using a matching-plate because of
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Fig.6 Variation of I'p and I'r with the tilted angle ¢ for the
case of (a) symmetrical and (b) asymmetrical structure.

the optimum approximately I'r = 0.12 is smaller than
the approximately I'r = 0.17 for the case of coupling
without matching-plate.

In Figs.5(a) and (b) the refractive index of the
matching-plates are given by 2.8 and 1.4 for the sym-
metrical and asymmetrical structures, respectively. By
changing the optical thickness of matching-plate kol,
we also searched for the optimum values and could find
those for the both (a) symmetrical and (b) asymmet-
rical cases. From Fig.5(a) it is found that it is also
possible to improve coupling efficiency of symmetri-
cal structure to approximately I'r = 0.42 by using a
matching-plate with refractive index n; = 2.8 and op-
tical thickness kol ~ 1.9 or 2.7. From Fig.5(b) the
remarks are the same as that for Fig. 4(b).

As we have investigated in detail [17], the power-
transmission coeflicient of a tilted-end dielectric slab
waveguide increases following the increase of tilted an-
gle. Based on above-mentioned idea we next consider
the using of TES coupling for connection. We searched
for the optimum values by changing the tilted angle .
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/ Cs

S Cs

Fig.7 Region S and boundaries C, (z = 1, 6) used in the
derivation of reciprocity relation.

We also found the optimum geometries for the both
symmetrical and asymmetrical structures as shown in
Figs.6(a) and (b), respectively. In Fig. 6(a) we see that
there are two angles ¢ ~ 412° that give maximum
transmitted power, however, with the approximately
I't = 0.39 which is smaller than the approximately I't
= 0.42 as shown in Figs. 4(a) and 5(a). The results in
Fig.6(b) show the results of asymmetrical case. It is
very nice, as expected, that the coupling coefficient can
be improved from approximately I'r = 0.17 up to ap-
proximately I'r = 0.40 by using the TES coupling with
the tilted angle ¢ =~ +14°.

From the above-presented examples, it has been
found that we can obtain an accurate design of an
optimum coupling geometry between two arbitrarily-
profile dielectric slab waveguides by using a BEM based
on GMEIE’s. The numerical results show that the
coupling characteristic between two symmetrical slab
waveguides can be improved significantly by use of a
matching-plate with the suitable chosen optical param-
eters. For coupling between two asymmetrical slab
waveguides, the coupling characteristic can also be
much improved by making a suitable tilted angle.

6. Conclusion

We showed examples of computer-aided design (CAD)
of two-dimensional optical waveguide coupling by the
BEM based on GMEIE’s. From numerical examples
it is shown that we can obtain an accurate CAD of an
optimum coupling shape between two arbitrarily-profile
dielectric optical waveguides.

The boundary integral equations derived in this
paper can be solved by the conventional BEM for
the waveguide discontinuity problems with finite-size
which can be perfectly regarded as problems of scat-
tering by an isolated dielectric object. It is possible
to extend GMEIE’s to multimode problems and three-
dimensional problems. In the future we will apply this
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method to the more complicated optical circuits such
as asymmetrical T-junctions and asymmetrical Mach-
Zehnder interferometry structures.
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Appendix: Reciprocity Relation

We start from the 2D reciprocity relation
OHp OH 4
Hy—— - Hp—— }dl =0,
/C ( Ao, B on ) ’
(C=Ci +Co+C3+Cy+ Cs + Cy), (A-1)

where H4 and Hp denote the total fields due to the in-
cident from waveguide A and waveguide B, respectively,
and can be written as

Ha— H, +RAH£+H2 on C; +Cy 4+ Cg
TAHI;Jng’ on Cy + Cs + Cq ’
(A-2)

He — TBHX{’H(BE on C; + Cy 4+ Cg
BT VHS +RpHy +HS onCy+Cs+ Cg’
(A-3)

where R.n, and Ty, (ch = A, B) are reflection and trans-
mission coeflicients, respectively.

Substituting Eqs. (A-2) and (A-3) into Eq. (A- 1),
moving the boundary C to far from the origin, and
concerning the condition that the radiation fields have
to vanish in the directions of the waveguides, i.e., § = 0,
m, we can obtain the compact reciprocity relation for
the incident TM guided-mode as follow:

IS H+ IR —
Yb/)<Hldl —HrdH1>ﬂ
Cs

on on
OH; OHy
=T S22 _HI 2 )4l .
A/(;4<2 on 2 871)( (A-4)
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